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The Banach-Saks property and Haar null sets
Eva Matoušková
Abstract. A characterization of Haar null sets in the sense of Christensen is given. Using
it, we show that if the dual of a Banach space X has the Banach-Saks property, then
closed and convex subsets of X with empty interior are Haar null.
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Introduction
A Borel subset A of a separable Banach space X is said to be Haar null if there
is a Borel probability measure µ on X so that µ(A + x) = 0 for each x ∈ X [C].
Haar null sets provide a substitute for Lebesgue null sets in “almost everywhere”
type theorems in infinite dimensional Banach spaces ([C], [H], [HSY], [My]). As in
the case of Lebesgue null sets, the Haar null sets are closed under countable unions
[C], and isomorphisms (see e.g. Lemma 2.4). Unlike the Lebesgue null sets, in
every infinite dimensional separable Banach space there exist uncountably many
pairwise disjoint sets none of which is Haar null ([S]).
In Section 1 we give a characterization of Haar null sets. We show that a Borel
subset A of a separable Banach space is not Haar null if and only if there exist
δ > 0 and r > 0 so that for every probability measure µ with spt µ ⊂ B(0, r)
there exists x ∈ X so that µ(A + x) ≥ δ. We show that for a weakly compact
set, δ can be (by shrinking r) chosen arbitrarily in (0, 1); also, for the “right-left”
implication it is enough to check only those µ’s which are arithmetic means of
Dirac measures.
It was shown in [MS], that every separable nonreflexive Banach space X con-
tains a closed convex set C with empty interior which is not Haar null; more
specifically C contains a translate of each compact subset of X . On the other
hand, in [M] it was shown that each closed, convex and nowhere dense set in a
superreflexive Banach space is Haar null. In Section 2, we strengthen this result
by showing that if the dual of a Banach space X has the Banach-Saks property
then each closed, convex and nowhere dense subset of X is Haar null. We do
not know whether or not there is a reflexive Banach space without this property;
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however, as we observe at the end of this paper, each weakly compact subset of a
nonreflexive Banach space is Haar null.
We consider only real Banach spaces. In the following BX (x, r) denotes the
open ball with center x and diameter r in a Banach space X . The support of a
measure µ is denoted by spt µ; δx is the Dirac measure supported at the point x.
For notation and concepts not introduced in the text we refer to the books [P]
and [BL].
1. A characterization of Haar null sets
Let X be a separable Banach space (with the norm topology), M the set of
Borel probability measures on X . The collection of sets




f dµ| < ε},
where µ ∈ M, ε > 0, and f is a bounded real valued continuous function on
X forms a subbasis of the so-called weak topology on M. We will use the fact
thatM endowed with the weak topology is metrizable by a complete metric (see
e.g. [P, p. 44]); we denote by d a complete metric on M generating the weak
topology. Also,M with convolution (denoted later in the text by ∗) is an abelian
topological semigroup; the Dirac measure δo at the origin is its neutral element
([P]).
The proof of the following theorem is a modification of Christensen’s proof
([C, p. 116]) of the fact that a countable union of Haar null sets is Haar null. The
corresponding statement for Haar null sets in abelian Polish groups is also valid,
and the proof is the same.
Theorem 1.1. Let X be a separable Banach space, A ⊂ X Borel measurable.
The set A is not Haar null if and only if there exist δ > 0 and r > 0 so that
for every probability measure µ with spt µ ⊂ B(0, r) there exists x ∈ X so that
µ(A+ x) ≥ δ.
Proof: Let A be a Borel subset of X , and suppose that for each n ∈ N there
exists a probability measure µn with spt µn ⊂ B(0,
1
n) so that µn(A+ x) <
1
n for
all x ∈ X . We will show that A is Haar null.
Observe that the sequence (µn) converges weakly to δo. By induction choose
a subsequence νn of µn satisfying d(α, α ∗ νn) < 1/2n for each α which is a
convolution of some νi’s with different indices i = 1, . . . , n − 1. Since (M, d) is a
complete metric space, we can define
ν = lim
k→∞
ν1 ∗ ν2 ∗ · · · ∗ νk and βn = lim
k→∞
νn+1 ∗ νn+2 ∗ · · · ∗ νn+k,
for n ∈ N. Put also αn = ν1 ∗ · · · ∗ νn−1, and γn = αn ∗βn, for n = 2, 3, . . . . Then
for any z ∈ X and n ≥ 2
ν(A+ z) = (αn ∗ νn ∗ βn)(A+ z) = (νn ∗ γn)(A+ z)
=
∫
νn(A+ z − x) dγn(x) ≤ sup
x∈X
νn(A+ z − x) ≤ 1/n.
The Banach-Saks property and Haar null sets 73
Therefore, ν(A+ z) = 0 for each z ∈ X , and A is Haar null.
The other implication follows from the inner regularity of each µ ∈ M. There
exists a compact set K ⊂ X so that µ(K) > 0. By covering of K by finitely many
open sets of diameter less than r, we can find also some C ⊂ K with diam C < r
for which µ(C) > 0. If we define µ′(F ) = µ(F ∩ C)/µ(C) for any Borel subset F
ofX , then there exists x ∈ X so that µ′(A+x) ≥ δ. This means that µ(A+x) > 0,
and the set A is not Haar null. 
Easy examples on the real line show that in general one cannot achieve δ = 1
in the previous theorem. However, if we restrict ourselves to weakly compact sets,
we can achieve δ arbitrarily close to 1 by shrinking r to zero. To prove this, let us
state an auxiliary lemma first. If F is a finite set, we denote by |F | the cardinality
of F .
Lemma 1.2. Let X be a Banach space, A ⊂ X weakly compact, F ⊂ X finite,
and n ∈ N so that |F \ (A+ x)| ≥ n for each x ∈ X . Then
αF = inf
x∈X
max{dist (E, A+ x) : E ⊂ F \ (A+ x) and |E| = n} > 0.
Proof: Suppose αF = 0. Since F is finite, there exist E ⊂ F with |E| = n,
z ∈ E and xn ∈ X so that




We claim that there exists x ∈ X so that {z} ∪ (F \ E) ⊂ A + x; this is a
contradiction, since F \ (A+ x) ⊂ E \ {z} implies |F \ (A+ x)| ≤ n − 1.
To prove the claim, choose for each y ∈ {z} ∪ (F \ E) a point ayn ∈ A so that
‖y − (ayn + xn)‖ < 1/n. Since A is weakly compact and F finite, we can suppose
that for each y ∈ {z} ∪ (F \ E), the sequence (ayn) converges weakly to some
ay ∈ A. Consequently, the sequence (xn) converges weakly to y − ay which is
necessarily the same point for all y ∈ {z} ∪ (F \ E); denote it by x. Clearly,
y ∈ A+ x whenever y ∈ {z} ∪ (F \ E). 
Recall that if X is a separable metric space and D is a dense subset of X then
the set of probability measures whose supports are finite subsets of D is dense
in the setM of all probability measures on X (c.f. [P, p. 44]). In our setting, X
will be a separable Banach space, and since it contains no isolated points, the set
of all measures of the form 1
|F |
∑
x∈F δx, where F ⊂ D is finite, is dense in M.
This enables to test Haar “nullness” of weakly compact sets only by this special
class of measures (see (ii) and (iii) of the next theorem). Let us remark, that
in each separable Banach space X there is a closed and bounded Haar null set
satisfying (iii) of the next theorem. To see this, take a countable, dense subset D
of the unit ball of X ; let Fn, n ∈ N be all finite subsets of D. Take a countable,
bounded set C = (xn) such that the distance of any two different points in it is
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at least 3. Put A =
⋃
(Fn + xn). Then A clearly satisfies (iii), but A is also Haar
null since it is countable. The positive cone of ℓ2 provides an example of a weakly
closed Haar null set satisfying (iii), (see e.g. [MS]). In connection with Theorem 3
of [MS] it would be interesting to know, whether in the case of A convex one can
achieve δ = 1 in the next theorem. Notice also, that according to the remark at
the end of this paper, if (i) of the next theorem is valid then the Banach space X
is necessarily reflexive.
Theorem 1.3. Let X be a separable Banach space, D be a dense subset of X ,
A ⊂ X be weakly compact. Then the following are equivalent:
(i) the set A is not Haar null;
(ii) there exist 0 < δ < 1 and 0 < r such that for each finite F ⊂ D ∩ B(0, r)
there exists x ∈ X so that |F ∩ (A+ x)| ≥ δ|F |;
(iii) for each 0 < δ < 1 there exists 0 < r such that for each finite F ⊂
D ∩ B(0, r) there exists x ∈ X so that |F ∩ (A+ x)| ≥ δ|F |;
(iv) for each 0 < δ < 1 there exists 0 < r such that for each probability measure
µ on X with spt µ ⊂ B(0, r) there exists x ∈ X so that µ(A+ x) ≥ δ.
Proof: The implications (iv)⇒(iii)⇒(ii) are obvious. The implications (i)⇒(ii)
and (iv)⇒(i) are contained in Theorem 1.1. To prove the rest, let us show first,
that if 0 < δ < 1 and 0 < r are such that for each finite F ⊂ D∩B(0, r) there exists
x ∈ X so that |F ∩(A+x)| ≥ δ|F |, then for each probability measure µ on X with
spt µ ⊂ B(0, r) there exists x ∈ X so that µ(A + x) ≥ δ. This, of course, covers
the implication (iii)⇒(iv). Let µ ∈ M with spt µ ⊂ B(0, r) be given. Choose





converges in the weak topology to µ. Since the set {µn}n∈N is relatively compact,
there exists K ⊂ X compact so that µn(K) > 1 − δ for each n ∈ N (c.f. [P,
p. 47]). Choose xn ∈ X so that µn(A+xn) > δ. Hence, µ((A+xn)∩K) > 0 and
(A + xn) ∩ K 6= ∅. Choose kn ∈ K and an ∈ A so that xn = kn − an. Since K
is compact, and A is weakly compact we can suppose that kn converge to some
k ∈ K, and an converge weakly to some a ∈ A. The sequence (xn) converges
weakly to x = k − a; we will show that µ(A+ x) ≥ δ.
Choose a countable set {x∗n} in the unit sphere of X
∗ which norms X . Let T
be the weak topology on X induced by span {x∗n}. The topological vector space
(X, T ) is metrizable. The families of Borel sets on X defined by T and the norm
topology coincide: each norm closed ball in X is T -closed (B̄(0, 1) = {x ∈ X :
|〈x∗n, x〉| ≤ 1}), and every norm open set is a union of countably many T -closed
balls. Therefore, each norm Borel probability measure on X can be considered
also as a T -Borel probability measure. Denote by τ and τT the weak topologies
on the setM of Borel probability measures on X derived from the norm topology,
respectively the topology T . The topology τ is stronger, therefore (µn) converges
to µ also in τT . Since (xn) converges weakly to x, it converges to x also in T , and
(δxn) converges in τT to δx. Define measures νn = µn ∗ δxn , and ν = µ ∗ δx. The
space (M, τT ) with the convolution is a topological semigroup (see [P, p. 57]),
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hence νn converge to ν in τT . Since A is weakly compact it is also T -compact.
Therefore, lim sup νn(A) ≤ ν(A) (c.f. [P, p. 40]), and
µ(A+ x) = ν(a) ≥ lim sup νn(A) = lim supµn(A+ xn) ≥ δ.
Finally, let us show that (ii)⇒(iii). Suppose for contradiction that there is
some 0 < δ′ < 1 so that for each 0 < r there is a finite set F ⊂ B(0, r) so that
|F ∩ (A + x)| < δ′|F | for each x ∈ X . We will show that for each ε > 0 and
each r > 0 there is a finite set F ⊂ B(0, r) so that |F ∩ (A + x)| < ε|F | for
each x ∈ X . That will contradict (ii), since (ii), as shown above, implies that for
each probability measure µ on X with spt µ ⊂ B(0, r) there exists x ∈ X so that
µ(A + x) ≥ δ. The existence of such a set F follows by induction (find k ∈ N so
large that δ2
k
< ε) from the following claim:
Suppose 0 < δ < 1 is such that for each r > 0 there exists a finite set F ⊂
B(0, r) so that |F ∩ (A+x)| ≤ δ|F |, whenever x ∈ X . Then, for each r > 0, there
is a finite set F ⊂ B(0, r) so that |F ∩ (A+ x)| ≤ δ2|F |, whenever x ∈ X .
To see this, let r > 0 be given. Choose a finite set F1 ⊂ B(0, r/2), so that




min{αF1 , min{‖x − y‖ : x, y ∈ F1, x 6= y}},
where αF1 is the positive number assigned by Lemma 1.2 to A, F1 and n =
⌈|F1|(1 − δ)⌉. Choose a finite set F2 ⊂ B(0, r1), so that |F2 ∩ (A + x)| ≤ δ|F2|,
whenever x ∈ X . Put F = F1 + F2. Then, F ⊂ B(0, r) and |F | = |F1| · |F2|.
Let x ∈ X be given. By Lemma 1.2 there exists E ⊂ F1 so that |E| ≥ n and
dist (E, A+ x) ≥ αF1 . Also,
(1) (E + F2) ∩ (A+ x) = ∅,
since F2 ⊂ B(0,
1
4αF1). Let z ∈ F1 \ E be given. Then there exists Ez ⊂ F2 so
that
(2) Ez ∩ (A+ x − z) = ∅,
and |Ez | ≥ (1− δ)|F2|. By (1) and (2),






 ∩ (A+ x) = ∅.
Since
|(E + F2) ∪
⋃
z∈F1\E




≥ |F2||E|+ (|F1| − |E|)(1 − δ)|F2|,
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we have
|F ∩ (A+ x)| ≤ |F1||F2| − |F2||E| − (|F1| − |E|)(1− δ)|F2|
= |F2|(|F1| − |E| − (1 − δ)(|F1| − |E|)) = |F2|(|F1| − |E|)δ




2. Banach-Saks property of the dual implies smallness of convex sets
Recall (see [BL]) that a basic sequence (xn) in a Banach space X is called
almost unconditional if there is c > 0 so that for each k ∈ N and k ≤ n1 <





n=1 αnxn) = (
∑k
i=1 αnixni) has norm at most c. If (xn) is a weakly null
basic sequence in a Banach space X , then there is a subsequence of (xn) which is
almost unconditional ([BL, p. 61]).
A sequence (yn) in a Banach space X is said to converge to infinity uniformly










Proposition 2.1. Let X be a Banach space with an almost unconditional nor-
malized Schauder basis (xn). Suppose there is a subsequence (xnj ) of (xn)
which converges to infinity uniformly w.r.t. subseries. Then the positive cone
Q = {
∑∞
n=1 αnxn ∈ X : αn ≥ 0} of X is Haar null.
Proof: Since Haar null sets are closed under isomorphisms and countable union,
it is enough to show that A = Q ∩ B(0, 1) is Haar null. For each 0 < r < 1
and 0 < δ we will find a probability measure on X with spt µ ⊂ B̄(0, r) so that
µ(A+ x) < δ for each x ∈ X ; by Theorem 1.1, A is Haar null.
Let c > 0 be the almost unconditional basis constant of (xn). Let 0 < r < 1








whenever k ≤ k′, and j1 < · · · < jk′ .
Choose K ∈ N so that k < δK. Observe that if k < j1 < · · · < jk then the
natural projection on span (yji)
k
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whenever |αi| < |βi| (this follows from c-unconditionality of (yji)
k
i=1; for exact
computations see e.g. [GD, p. 22]). Put F = {−ryk+1,−ryk+2, . . . ,−ryk+K} ⊂
B̄(0, r), and µ = 1
|F |
∑
x∈F δx. Suppose there exists x =
∑
αnxn ∈ X so that
µ(A − x) ≥ δ; equivalently, |A ∩ (x + F )| ≥ δ|F |. Then there exists E′ ⊂
{k + 1, k + 2, . . . , k + K} so that |E′| ≥ δ|F | = δK > k, and αnj ≥ r for each




















Since F ⊂ B̄(0, r), A ⊂ B(0, 1), and r < 1, the above inequality implies that
A ∩ (F + x) = ∅, which contradicts the fact that |A ∩ (F + x)| ≥ δ|F | > 0. 
To prove Proposition 2.3 which strengthens slightly Lemma 1 of [M] we will
need the following elementary lemma; we include a proof since we could not find
a reference for it.
Lemma 2.2. Let X be a Banach space, (xn) an almost unconditional basis of X .
Then the biorthogonal sequence (x∗n) of (xn) is also almost unconditional.
Proof: Let c > 0 be such that (xn) is c-almost unconditional. Let k ∈ N and
k ≤ n1 < · · · < nk be given. Let P : X → span (xni)
k
i=1 be the projection
























n ∈ span (x
∗
n)n∈N be given. Then

















































‖x∗‖ · ‖P‖ · ‖x‖ ≤ c‖x∗‖.
Therefore, ‖P̃‖ ≤ c. 
We say that a convex subset K of a Banach space X is spanning if it contains
a line segment in every direction, that is
⋃
t>0 t(K − K) = X .
Proposition 2.3. Let X be a reflexive Banach space, andK ⊂ X closed, convex,
bounded and spanning set with empty interior. Then there exist v ∈ X and an
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infinite dimensional quotient space Y of X with an almost unconditional Schauder
basis (yn) so that the image of K + v under the quotient mapping is contained
in the positive cone Q = {
∑∞
n=1 αnyn ∈ Y : αn ≥ 0} of Y .
Proof: Since X is reflexive, it is a consequence of the theorem of Amir and
Lindenstrauss (see Lemma 3 of [M]) that there exists a projection P of X onto a
separable subspace Z of X so that the interior of P (K) in Z is empty. Clearly,
P (K) is spanning in Z. Therefore we can suppose that X is separable. By the
proof of Lemma 1 of [M] there exists v ∈ X and a weakly null sequence (x∗n) in
the unit sphere of X∗ so that 〈x∗n, x+ v〉 ≥ 0 for each x ∈ K.
By [LT, p. 11] (proof of the theorem that every separable Banach space has a
quotient with a Schauder basis), if (x∗n) is a normalized w
∗-null sequence in the




(i) each subsequence (y∗n) of (u
∗
n) is a basic sequence;
(ii) if we denote by (yn) ⊂ (span (y
∗
n))
∗ the functionals biorthogonal to (y∗n),
then the operator T : X → (span (y∗n))
∗ defined by 〈T (x), x∗〉 = 〈x∗, x〉,
x∗ ∈ span (y∗n) maps X onto span (yn).
Let (u∗n) be such a subsequence of our weakly null sequence (x
∗
n). As mentioned
above, there is a subsequence (y∗n) of (u
∗
n) which is almost unconditional. By
Lemma 2.2 the functionals (yn) ⊂ (span (y∗n))
∗ biorthogonal to (y∗n) form an
almost unconditional basic sequence. Put Y = span (yn), and let (fn) be the
coefficient (biorthogonal) functionals of (yn) in Y
∗. Then T ∗(fn) = y
∗
n, and since
〈fn, T (x+ v)〉 = 〈T
∗(fn), x+ v〉 = 〈y
∗
n, x+ v〉 ≥ 0
for each x ∈ K, Y is the desired quotient space. 
The following lemma is contained in the proof of Theorem 4 of [MS]. For an
easy reference we include it with a proof.
Lemma 2.4. Let X be a Banach space, Y be a quotient of X (T be the quotient
mapping), and A be a Borel subset of Y . Let ν be a Radon probability measure
on Y so that ν(A + y) = 0 for each y ∈ Y . Then there is a Radon probability
measure µ on X so that µ(T−1(A) + x) = 0 for each x ∈ X .
Proof: By the theorem of Bartle and Graves (see e.g. [BP]), the inverse of T
admits a continuous selection f . Consequently, the formula µ(B) = ν(f−1(B))
for Borel subsets B of X defines a Radon probability measure on X . Let x ∈ X
be given. Then f−1(T−1(A)+x) ⊂ A+T (x), hence µ(T−1(A)+x) ≤ ν(A+T (x))
= 0. 
A Banach space X is said to have the Banach-Saks property if every bounded
sequence (xn) in X contains a subsequence (x
′





k)n∈N is norm-convergent. Every superreflexive Banach space
has the Banach-Saks property. A Banach space with the Banach-Saks property
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is necessarily reflexive, but there exists a reflexive Banach space without the
Banach-Saks property ([Ba]).
In the proof of the next theorem we will need the following facts.
A Banach space X has the Banach-Saks property if and only if X is reflexive
and no quotient of X∗ has a spreading model isomorphic to co ([BL, p. 82]).
A Banach space X does not have a spreading model isomorphic to co if and
only if every bounded non convergent sequence inX contains a subsequence which
converges to infinity uniformly with respect to subseries ([BL, p. 77]).
Theorem 2.5. Let X be a Banach space such that X∗ has the Banach-Saks
property, and K ⊂ X be a closed and convex set with empty interior. Then there
exists a Radon probability measure µ on X so that µ(K + x) = 0 for all x ∈ X .
Proof: Since a countable union of Haar null sets is Haar null, we can suppose that
K is bounded. If K is not spanning, there exists x ∈ X so that the intersection
of any translate of the line segment [0, x] and K contains at most one point.
Consequently, any translate of K is a null set for the Lebesgue measure sitting
on [0, x]. Suppose that K is spanning. Since X∗ has the Banach-Saks property
the Banach space X is reflexive. By Proposition 2.3 there is a quotient space
Y of X with an almost unconditional basis (yn) and v ∈ X so that the image
of K + v under the quotient mapping is contained in the positive cone of Y .
By considering (yn/‖yn‖) instead of (yn), we can suppose that the basis of Y is
normalized. Since X∗ has the Banach-Saks property, Y does not have a spreading
model isomorphic to co. Hence there exists a subsequence of (yn) which converges
to infinity uniformly w.r.t. subseries, and by Proposition 2.1 the positive cone of
Y is Haar null. Lemma 2.4 finishes the proof. 
Notice that each closed, convex, symmetric and nowhere dense subset C of a
Banach space X is Haar null. This is an easy consequence of the Baire category
theorem: there exist x ∈ X \
⋃
N
nC. Since C is convex and symmetric each
line parallel to x intersects C in at most one point, and the Lebesgue measure
on [0, x] shows that C is Haar null. As a corollary, if X is a nonreflexive Banach
space and A is a weakly compact subset of X then A is Haar null. Indeed, the set
C = conv (A∪−A) is convex, symmetric, and weakly compact by the theorem of
Krein. Since X is not reflexive, C has empty interior, hence C, and also A ⊂ C
are Haar null.
If instead of Haar null sets we consider Aronszajn null sets (for the definition
see [A]), closed, convex, and nowhere dense sets are in general not “small” any
more.
Lemma 2.6. Let X be a separable Banach space, and K ⊂ X closed, convex set
such that spanK = X . Then K is not Aronszajn null.
Proof: We can suppose that 0 ∈ K. Observe that there exists Q ⊂ X closed,
convex, symmetric set such that spanQ = X , and v ∈ X so that Q+ v ⊂ K. To
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see this, choose a countable set D = (xn) so that D is dense in K. Choose αn > 0
with
∑∞







and, also, v ±αn
xn
2 ∈ K for each n ∈ N . Put Q = conv (±
αn
2 xn). Then Q is the
required set.
Since Aronszajn null sets are translationally invariant, to finish the proof it
is enough to show that each closed, convex, symmetric set K ∈ X such that
spanK = X is not Aronszajn null. Again, choose (yn) ⊂ K dense in K. By
the proof of Proposition 1.f.3 of [LT, p. 43], there is a Markushevich basis (xn)
of X , so that (xn) ⊂ span (yn). Since K is convex and symmetric, for each n ∈ N
there exists 0 < βn so that βnxn ∈ K. Choose αn > 0 with
∑∞
1 αn = 1. Put
C = {
∑∞
1 γnβnxn : 0 ≤ γn ≤ αn}. Then C ⊂ K and by the proof of Theorem 1
of [A, p. 154], the set C is not Aronszajn null. Consequently K is not Aronszajn
null. 
Acknowledgment. We would like to thank Kamil John for pointing out the
book [BL] to us.
References
[A] Aronszajn N., Differentiability of Lipschitzian mappings between Banach spaces, Studia
Math. LVII (1976), 147–190.
[Ba] Baernstein A., On reflexivity and summability, Studia Math. 42 (1972), 91–94.
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